Formal means for automatic theorem proving

The introduced topic will be discussed only within the framework of the language and the calculus of the First Order Logic (FOL). 

Subparts: The grammar, modification of formulae, the resolution principle. 

The goal of this lecture is to exercise the operations induced by Robinson resolution principle and to form a basic platform for application of languages of the type  PROLOG. 

1. Grammar of the First Order Language

The alfabet of FOL consists  of: predicate  variables and constants x, y, … a, b,  … ‚ predicate constants (P,Q,...)‚ functional variables and constants z, w, … e, q, functional constants f g,.. and symbols for logical operations and relations ( conjunction  “AND“ ((), „ET“ , disjunction „OR“ ((), „VEL“, negation „NOT“ ((), implikace “(“‚ equivalence „(“, existence quantifier „(“(there exist), universal quantifier „(“ (for all), separators  “(“,“,“, “)“ and the symbol for  relation of provability “¥“). 

Terms and Formulae:

Term is the expression: 

a) t = z, w, … e, q, … where z, w, … e, q  are functional variables and  constants. 

b) t = f(t1, t2 …, tn),  where  f is a functional constant  and t1, t2 …, tn are terms. 

c) There are no another types of terms.

Formula is the expression:

1. Atomic formula, i.e.,  Pn(x1, …, xn), Pm(x1, a, …, xj, b, …, xm), Pn(t1, …, tn), where Pn is an n-ary predicate  constant, x1, …, xn, a, b, …, xm are predicate variables and constants and t1, …, tn are terms. 

2. Expressions: (A ‚ (A ( B) ‚ (A V B) ‚ (A (B) ‚ where A, B are formulae, 

3. Expressions: (p A ‚ (q A ‚ where p is a functional or predicate variable and A is a formula.

4.  There are no another formulae than  1.,2.,3. 

Literal: The literal is an atomic formula or its negation. 

The instance of a literal is the literal obtained by a substitution.

The essential instance of a literal is the literal without variables. 

Component: Component is disjunction of literals.

Prenex form of formula contains all quantifiers in front of remaining part of formula. 

Skolem normal form is a conjunction of components without  existentional quntifiers. 

Horn clausula: Component‚ that contains only one positive literal. 

Example: 

Tranformation a formula into Horn clausule: 

Original formula: ((A1 ( A2 ... ( An) => B), where A1, …, An and B are literals.

Transformation: 

(( (A1 ( A2 ... ( An) V B)) ( (( A1 V( A2 … V ( An V B).

2. Modification of formulae

[image: image1.wmf]Removing of existencial quantifiers by Skolem functions:

where x, y are variables, a is constant, f is a functional constant and P is a predicate constant.

Example:

[image: image2.wmf]Remove existencial quantifiers and transform formulae in the Skolem normal form and Horn clausulas.

Substitution in literals:

· (: It possible to substitute an optional term or predicate constant,

· (: For various variables that are quantified by the existential quantifier are substituted different terms or predicate constants. In case of Skolem substitutions are substituted by terms with different functional constants.

· In the sequence of substitutions executed in the system of components (literals) are respected the following rules: for a variable that is quantified by the existencial quantifier are is substituted term (predicate constant) that was not used in previous terms and literals. 

3. Robinson(s resolution principle in theorem proving

The goal of the proof: ( ¥ A, (formula A is consistent with the of formulae ().  

Preliminary operation: transformation of formulae in Skolem normal form.

Two parts of the method:

· Minimal substitution in the literals.

· Application of the resolution rule:

                    ((A ( B) ( ((A ( C)) ( (B ( C), 

where A, B, and C are literals.

The method of the proof by the resolution method in details

It is given set ( of consistent formulae and goal formula A (withoout free variables). Proof  ( ¥ A.

1. Form the set   (A = (( ((A(.
2. Transform each formula of the type  B ( C in the form  ((B ( C). 

3. Each formula change in to the form where negations influence only to atomic formulae (formation of literals).

4. Rename variables in order to none two closed formulae contain the variables of the same name. 

5. Remove  existential quantifiers from formulae using Skolem modifications. 

6. All formulae from (A transform into Skolem normal form where the prenex will contain all universally (() quantified variables. Each such a prenex is possible to exclude now and the remaining individual components bonded by conjunctions to write in the column. By this way is formed the set  (S that is directly used for minimal substitutions and the application of the resolution sylogism.  

7. Search for minimal substitutions into variables of formulae in (S and  apply the resolution rule. Resolvents join to (S the as regular components. The sequence of repetitions of minimal substitutions and the application of the resolution rule result in the empty resolvent:

                               r(si, sj) = (F (( F) = (,

where F is a formula from the actual (S and ( is an empty set (in our case represents an empty resolvent).  

This is the end of the proof. If it is impossible to construct an empty resolvent, formula  A is not consistent with formulae in (. 

[image: image3.wmf]Example: Proof ( ¥ A!

[image: image4.wmf]
Solution:

[image: image5.wmf]Steps 1. – 7. 

7: - Substitution in component s2: u = s, z = a.

      r(s2, s4 ) = (R(b, u) ( ( (Q(h(s, a)))) ( (Q(h(s, a))( () ( R(b, s) = 

     R(b, u) = s5.

    - Substitution in components s3: s = b, s5: u = a.

     r(s3, s5) = ((R(b, a) ( () ( (( R(b, a) ( ()) ( (. Holds ( ¥ A.

Example:

Let us verify the consistency of notes from output production check:

Z1: No product from the group A was reclaimed.

Z2: No product excluded during further processing was from group A.  

Z3: All checked products were from group A.

Z4: There does not exist the product, that was reclaimed or during further processing excluded. 

Described situation written in predicate formulae using the following predicate constants: 

SEQA(x) … to be a product from group A ‚ RM(r) ... to be some reclaimed product ‚ LIQU(r) ... to be wrong in further processing excluded product.

Z1: ((x (SEQA(x) ( RM(x)) ‚

Z2: ((x (SEQA(x) ( LIQU(x)) ‚

Z3: (x SEQA(x),

Z4: ((x (RM(x) ( LIQU(x)) ‚

Let us verify consistence: (Z1 ( Z2 ( Z3) ¥ Z4

Now we gradually construct in steps 1.,3.,4. a modified set  (Z4:

(Z4 = ((x ( (SEQA(x) ( (RM(x)), (u((SEQA(u) ( (LIQU(u)) ‚ 

(v SEQA(v) ‚ (z (RM(z) ( LIQU(z))(.  

In steps 5. and  6. is now constructed set (s.

(s:  s1: (SEQA(x) ( (RM(x),

      s2: (SEQA(u) ( (LIQU(u),

      s3: SEQA(v),

      s4: RM(a) ( LIQU(a).

In step 7 there are executed the following substitutions and resolutions: 

Substitution in component s1: x = v.

r(s1, s3) = (RM(v) = s5.

Substitution in component s5: v = a. V = S ‚

r(s4, s5) = LIQU(a) = s6.

Substitution in component component s2: u = a,

r(s2,s6) = (SEQA(u) = s7.

Substitution in component s3: v=a.

r(s3, s7) = ( - empty resolvent.

Conclusion: Expressions  Z1, Z2, Z3, Z4 are consistent !! 

Example:

Let us consider the situation below. The goal is to answer the question “Is body B above the table?”. (NAD(Stůl, B)?. This our formula A.

[image: image6.wmf]Hold assertions: “B is on A” (NA(A,B)), “A is on the table” NA(Stůl, A).

The elements of the description:

NA(x, y) … y is on x, 

NAD(x, y) … y is above x.

[image: image7.wmf]There are two natural knowledge (axioms) 
[image: image8.wmf] Let construct set  (A:

[image: image9.wmf]It is easy to transform  (A in (S in steps 2. – 6.: 

Now we start with minimal substitutions and resolution rule:

· Substitution in s4: x = Stůl, z =B.

[image: image10.wmf]
· Substitution in s6: y = u and in s3: v =B.

[image: image11.wmf]
· [image: image12.wmf]Substitution in s7: u = A.

· [image: image13.wmf]Substitution in s3: u = Stůl and v = A.

· Now with help of s2 and s9  is constructed the empty resolvent: 

[image: image14.wmf]
Result: Yes. B is above the table.

Open problems: 

[image: image15.wmf]1. Transform the following formulae in Skolem normal form or in Horn clausulae: 

2. It is given the set of formulae

[image: image16.wmf]and the formula A

[image: image17.wmf]
Prove: ( ¥ A.

3. Let us consider the following set of statements:

· S1: If the course is good is reasonable to attend it. 

· S2: The classification is very soft or it is not worth to attend it.

· S3: However the classification is not soft.

· The conclusion: This course is no good.

Prove by the resolution principle that the conclusion is consistent with premises S1, S2, S3.
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